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1 Introduction 

Since pioneering works of G.Lusztig and M.Kashiwara on special bases for quan- 
tum groups, a lot of work has been done on the combinatorial structure of these 
bases. Although Lusztig's canonical bases and Kashiwara's global crystal bases 
were shown by Lusztig to coincide whenever both are defined, their construc- 
tions are quite different and lead to different combinatorial parametrizations. 
In this paper we will only discuss the basis in the g-deformation U~(g) of the 
universal enveloping algebra of the nilpotent part of a Kac-Moody Lie alge- 
bra g; understanding this basis is an essential first step towards understanding 
the bases in all the integrable highest weight modules of g. Lusztig's approach 
(see [0 and references there) works especially well when g is a semisimple Lie 
algebra of simply-laced type. In this case, every reduced expression for the max- 
imal element of the Weyl group gives rise to a bijective parametrization of the 
canonical basis in U~(g) by the semigroup Z> of all A-tuples of non-negative 
integers, where N is the number of positive roots of g. These parametrizations 
were studied in Lusztig's papers and also in 0. 

Kashiwara's construction || of the global crystal basis in U~(g) is more 
elementary and works for an arbitrary Kac-Moody algebra. The price for this 
is that the parametrizing sets for the basis in Kashiwara's approach are more 
complicated than just Z> . In the literature, one can find several kinds of com- 



binatorial expressions for crystal bases. As shown in 12 , p8| , crystal bases of 
finite-dimensional simple modules for classical Lie algebras can be parametrized 
by Young tableaux and their analogues. For affine Lie algebras, crystal bases 
of integrable highest weight modules can be expressed as infinite sequences of 
perfect crystals (|l^],Q) or extended Young diagrams (||). More generaly, in 
[ p"5| , |l6| for any symmetrizable Kac-Moody algebra, crystal bases are realized 
in terms of certain polygonal paths. Although this presentation is elegant, it is 
not very convenient for actual computations with the basis. 

In this paper we study bijective parametrizations of the crystal basis for 
U~ (g) by integer sequences satisfying certain linear inequalities. In more ge- 
ometric terms, the basis vectors should be parametrized by lattice points in 
some polyhedral convex cone; this is what we mean by "polyhedral realiza- 
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tions" in the title of the paper. If g is semisimple, then, similarly to Lusztig's 
parametrizations, a polyhedral realization is naturally associated with every 
reduced expression for the maximal element of the Weyl group. This can be 
done using Kashiwara's theory of tensor products of crystals, or, equivalently, 
using the "string parametrizations" studied in ||, 0. In fact, such a realization 
makes sense for arbitrary Kac-Moody algebras, where reduced expressions for 
the maximal element of the Weyl group are replaced by certain infinite sequences 
of indices. 

In this paper we deal with the following problem: describe explicitly com- 
plete systems of linear inequalities that define all polyhedral realizations of the 
crystal basis in U~(g). Such a description was recently found by P. Littelmann 
(private communication) for all semisimple Lie algebras, using a case-by-case 
analysis. Littelmann only treats some specific choice of a reduced expression 
(for the type A n , the corresponding result was already obtained in 0). We 
would like to find a unified description of all polyhedral realizations for an arbi- 
trary Kac-Moody algebra. For Kac-Moody algebras of rank 2, such a description 
was found by M.Kashiwara in ||, Proposition 2.2.3 (this description is sharp- 
ened in Theorem 4.1 below). The main result of the present paper (Theorem 
|3.l| below) is a generalization of this description to Kac-Moody algebras of an 
arbitrary rank. The answer is given in terms of certain piecewise-linear trans- 
formations of Z°°. Unfortunately, our main result is only proved under certain 
technical assumptions. These assumptions are checked to be valid in many cases 
including the ordinary and affine Lie algebras of type A. It is even conceivable 
that they are always satisfied (see the discussion in Section 3 below) . 

The paper is organized as follows. In section 2, we review crystals and their 
basic properties. We also introduce our main object of study: the crystal B(oo) 
corresponding to U~(g). We then describe the Kashiwara embedding of B(oo) 
into the lattice Z°°. Our main theorem is formulated and proved in Section 3: 
this is a description of the image of the Kashiwara embedding. In the rest of 
the paper (sections 4, 5, and 6), we apply the theorem to the cases when g is of 
rank 2, of type A n , and of type A^li, respectively. 

In preparing this paper, we received the preprint "Crystal bases and Young 
Tableaux" by G. Cliff. Thit paper describes the image of the Kashiwara em- 
bedding for the types A,B,C,D and some special reduced expressions. The 
method used in the preprint is different from ours. It seems that the method 
cannot be applied to affine algebras or more general Kac-Moody algebras, or 
even to other reduced expressions for classical Lie algebras. In a forthcoming 
paper, polyhedral realizations will be described not only for B(oo) but also for 
the irreducible g-modules. 

This work was partly done during the stay of T.N. at Northeastern Univer- 
sity. He is grateful to the colleagues for their kind hospitality. The work of A.Z. 
was partially supported by the NSF grant DMS-9625511. 
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2 Preliminaries on Crystals 



2.1 Definition of U q (g) 

Let g be a symmetrizable Kac-Moody algebra over Q with a Cartan subalgebra 
t, a weight lattice Pet*, the set of simple roots {a, : i £ /} C f, and 
the set of coroots {hi : i £ 1} C t, where / is a finite index set (see [[l3| for 
the background on Kac-Moody algebras). Let (h,X) be the pairing between t 
and t*, and (a, (3) be an inner product on t* such that (ai,a.;) £ 2Z>o and 
(hi,Xj = 2{ai, X)/(ai, a t ) for A £ t*. Let P* = {h£i: (h, P) C Z}. 

As in JtJ, we define the quantized enveloping algebra U q (g) to be an asso- 
ciative Q(q)-algebra generated by the e^, fi (i £ I), and q h (h £ P*) satisfying 
the following relations: 

q° = l, and q h q h ' = q h+h ' , (2.1) 
q h e iq - h = q^e U q h fcq-' 1 = f h (2.2) 

eifj - f j e l = S itj (ti - tr 1 )/^ - qr 1 ), (2.3) 

L { ^\-l)* X W Xj xt {hi ' aj} - k) =0, (z * J) (2.4) 

k=l 

where the symbol Xi in (2.4) stands for or fi, and we set qi = q( ai > ai )/ 2 ^ 
U = q1% [l]i = {q\ - qr l )/{q t - g" 1 ), [fc],! = Ul^h and = 

It is well-known 0] that (g) has a Hopf algebra structure with the comul- 
tiplication A given by 

A(q h ) = q h ®q h 7 A(e,) = e, ® iT 1 + 1 $ ei , A(f i ) = f i ®l + t i ®f i , 

for any i £ I and h £ P*. By this comultiplication, the tensor product of 
C/ 9 (g)-modules has a C/ 9 (g)-module structure. 

2.2 Definition of crystals 

The following definition of a crystal is due to M.Kashiwara ||, ||; it is motivated 
by abstracting some combinatorial properties of crystal bases. In what follows 
we fix a finite index set / and a weight lattice P as above. 

Definition 2.1 ^4 crystal B is a set endowed with the following maps: 

wt:B — > P, (2.5) 
Ei : B — >Zu{-oo}, (fi-.B — >ZU{-oo} for i £ I, (2.6) 
ii : B — > BU {0}, fi : B — ► B U {0} for i£ I. (2.7) 
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Here is an ideal element which is not included in B. These maps must satisfy 
the following axioms: for all b,b\,b 2 £ B, we have 



<p i (b)=e i (b) + {h i ,wt(b)), (2.8) 

wt(eib) = wt(b) + on if lib £ B, (2.9) 

wt(fib) = wt(b) - a, if fib £ B, (2.10) 

lib 2 = b\ if and only if fib\ = b 2 , (2-11) 

ifsi(b) = -00, then lib = fib = 0. (2.12) 



The above axioms allow us to make a crystal B into a colored oriented graph 
with the set of colors /. This means that each edge of the graph is labeled with 
some i £ I; we write b\-^b 2 for an oriented edge from b\ to 62 labeled with i. 

Definition 2.2 The crystal graph of a crystal B is a colored oriented graph 
given by the rule : 61—^62 if and only if b 2 = fib\ (61,62 £ B). 

Definition 2.3 (i) Let B\ and B2 be crystals. A morphism of crystals ip : 
B\ — ► B 2 is a map ip : B\ — ► B2U{0} satisfying the following conditions: 

wt(iP(b))=wt(b), Si (1>(b)) = ei(b), ViMb)) = <pi(b) (2.13) 

ifbeBi and tp(b) £ B 2 , 

ip(lib) = eii>{b) ifb£B 1 satisfies ip(b) ^ and ip(lib) ^ 0, (2.14) 

■0(/i6) = fii/>(b) ifb£B l satisfies ip(b) ^ and ip(fib) ^ 0. (2.15) 

(ii) A morphism of crystals tp : B x — > B 2 is called strict if the map ip : 
Bi — ► B 2 U {0} commutes with all li and /j An infective strict morphism 
is called an embedding of crystals. 

For crystals B\ and B 2 , we define their tensor product B\ ® B 2 as follows: 



B x <8> 


B 2 = 


{61 ®6 2 : h £ Bi, b 2 £ B 2 }, 


(2.16) 


wt(b\ 


® 62) 


= wt(bi)+wt{b 2 ), 


(2.17) 


£i{bi 


62) 


= max(£i(6i), e l (b 2 ) - (hi,wt(bi))), 


(2.18) 


<Pi{bi 


® 62) 


= max((pi(b 2 ),tpi(bi) + (hi,wt(b 2 )}), 


(2.19) 


h{bi 


6 2 ) 


_ ( libi <g) b 2 if fi{bi) > £iib 2 ) 
\ bx <g> e,b 2 if ifiih) < Si(b 2 ), 


(2.20) 


fi(h 


062) 


_[fib 1 ®b 2 if (Pi{h) > Si(b 2 ) 
\ h <g> /j6 2 if ¥?i(6i) < £i(b 2 ). 


(2.21) 



Here 61 ® 62 is just another notation for an ordered pair (61,62), and we set 
61 <g> = (g) 62 = 0. Let C(I, P) be the category of crystals with the index set I 
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and the weight lattice P. Then <g> is a functor from C(I, P) x C(I, P) to C(I, P) 
that makes C(I,P) a tensor category Q. In particular, the tensor product of 
crystals is associative: the crystals {B\ ® B2) ® B3 and B\ ® (Bi <g> B3) are 
isomorphic via (61 ® 6 2 ) ® 63 <-» 61 ® (62 55 ^3)- 

We conclude this subsection with an example of a crystal that will be needed 
later. 

Example 2.4 For i £ I, the crystal Bi := {(x)i : x £ Z} is defined by 

wt{{x)i) = xa>i, Ei((x)i) = -x, tpi((x)i)=x, 

e j(( x )i) = <Pj{{ x )j) = -00 for j 7^ i, 
e l (x) l = (at + l) i5 = (x - 

€j(x)i = fj{x)i = for 



2.3 Crystal base of t/_ (g) and the crystal B(oo) 

In this subsection we introduce the crystal B(oo), our main object of study. All 
the results below are due to M.Kashiwara |Q. Let U~(g) be the subalgebra of 
U q (o) generated by {fi}iei- By Lemma 3.4.1 in [j7|, for any u G U~(q) and 
i E I, there exist unique u' , u" E U~(g) such that 



Uu" - t^u' 



(2.22) 



We define the endomorphisms e- and e" of {J (g) by setting e'^u) = u' and 
e"(u) = u" . For any i E /, we have the direct sum decomposition 



^-(fl) = ©/ i W Kere5 . (2.23) 

fc>0 



Using this, we can define the endomorphisms and /, of U q (9) by 

g<(/f } u) = ft~ 1} u, and /,(/■<* } M ) = f[ k+1) u for u G Ker ej. (2.24) 

Let Ac Q(q) be the subring of rational functions that are regular at q = 0. 
Let L(oo) be the left A-submodule of U~(q) generated by all the elements 
/•ii""' /ii ' 1 with / > and ij E /. Then L(oo) / 'qL(oo) is a Q-vector space. We 
define a subset B(oo) C L(oo) / qL(oo) to be the set of all non-zero elements of 
the form /j, • -/^ • lmodgX(oo). The pair (£(oo), -B(oo)) is called the crystal 
base oiU~(g). It satisfies the following properties: 

(i) L(oo) is a free A-submodule of U~(q), and Ug(g) = Q(q) ®a L(oo). 

(ii) B(oo) is a basis of the Q-vector space L(oo) / qL(oo) . 
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(iii) The endomorphisms ej and ft preserve L(oo), and so act on L(oo) / qL(po) . 

(iv) For any i £ /, we have eiB(oo) C B(oo) U {0} and ftB(oo) C B(oo). 

(v) For u,v <E B(oo), we have /jti = u if and only if e^u = u. 

We denote by £ B(oo) the image of 1 under the projection L(oo) — > 
L(oo)/qL(oo), and define the weight function wrf : B(oo) — > P by wt(b) := 
— (ctii + • • • + Oj,) for b = ft t ■ • ■ /ijMoo- We define integer- valued functions £j 
and <£>j on B(oo) by 

£i(6) := max {fc : e*6 ^ 0}, tpi(b) := (hi,wt(b)) + Si(b). 

An easy check shows that B(oo) equipped with the operators and ft, and 
with the functions tot, £j and y>j is a crystal. 

2.4 Kashiwara embeddings of B(oo) 

Consider the additive group 

Z°° := {(• • • ,x k , ■ ■ ■ ,x 2 ,Xi) : x k £ Z and x fc = for fc > 0}; (2.25) 

we will denote by Z?? C Z°° the subsemigroup of nonnegative sequences. To the 
rest of this section, we fix an infinite sequence of indices u — (• • • , i k , • • • , *2, *i) 
from / such that 

i k 7^ and : i k = i} = oo for any i £ J. (2.26) 

Following Kashiwara we will associate to t a crystal structure on Z°° and 
the embedding of crystals 

: B(oo) ^ Z°°, (2.27) 

which we call the Kashiwara embedding. 

The crystal structure on Z°° corresponding to i is defined as follows. Let 
x = (•••, Xfc, ••• , X2, xi) £ Z°°. For k > 1, we set 

o-fc(f) := x k +22(hi k ,a ij }xj. (2.28) 

Since Xj = for j ^> 0, the form <r k (x) is well-defined, and <7fc(x) = for k ^> 0. 
For i £ 7, let ct^'(x) := maxfc ; j fe= i<7fe(x), and 

M W = AfW(x) := {k : i k = i,a k (x) = a w (f)}. 

Note that <7 W (f) > 0, and that AfW = AfW(x) is a finite set if and only if 
o-M (x) > 0. Now we define the maps e t : Z°° — > Z°° U {0} and ft : Z°° — > Z°° 
by setting 

(ft(x))k = Xfe +4,mmMB; (2.29) 
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{ii(x)) k = Xk - £fc, max M« if > 0; otherwise e,(x) = 0. (2.30) 

We also define the weight function and the functions £j and ipi on Z°° by 

oo 

wt{x) := - y^XjQjj,., £j(f) := crW(f), ^j(af) := (hi,wt(x)) +Si(x). 

An easy check shows that these maps make Z°° into a crystal. We will denote 
this crystal by 7\ ■ Note that, in general, the semigroup Z> is not a subcrystal 
of Z^° since it is not stable under the action of e^'s. 

The Kashiwara embedding is given by the following theorem. 

Theorem 2.5 There is a unique embedding of crystals 

* t : B(oo) ^ Z% C Z~ (2.31) 

such that * t (ttoo) = (• ■ • ,0, • ■ ■ ,0, 0). 

Proof. The uniqueness of \& t follows from the fact that every element of B(oo) 
is obtained from by a sequence of operators /j. To prove the existence, we 
show that 'I',, can be obtained by iterating the following construction. Recall 
that to every i £ I we associate a crystal Bi as in Example 2.4. 

Theorem 2.6 ([^]) For any i G J, t/iere is a unique embedding of crystals 

* 4 : B(oo) ^(oo)®^, (2.32) 

SMc/l i/iaf ^(Woc) = (g> (0)i- 

An explicit formula for ^ is given as follows. Let x \— > x* be the Q(o)- 
algebra antiautomorphism of U q (g) given by: 

e| = e i; /* = /;, (q h y=°- h - (2.33) 

It is proved in J^, Theorem 2.1.1] that this anti-automorphism preserves I/(oo), 
and that the induced action on L(oo)/qL(oo) preserves the crystal B(oo). Now 
for b 6 B(oo) we have: ^i(b) — b' ® (— o)j, where a = e<(6*) > and 6' = 
(e?(6*))*. / 

Returning to the Kashiwara embedding 4",., take any b € B(oo) and define 
the elements 6q, &i, 62, • ' ' of B(oo) and non-negative integers ai, 02, ■ • • recur- 
sively by: 

b = b, *i fc (6 fc _i) =6fc®(-o fc ) ijt (fc>l). (2.34) 

The definitions readily imply that 6fc = itoo and afc = for fc 3> 0. Thus, the 
sequence (• • • , Ofe, • • • , 02, ai) belongs to Z2f , and we set 

* t (6) = (• • • ,a k , ■ • - ,02,01). 
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The injectivity of ^ t follows from that of the . To complete the proof 



of Theorem 2.5, it remains to show that ^ t : B(oo) > Z^° is an embedding 



of crystals. Tracing the definition of \t t and using Theorem 2.6, we only need 
to check the following: if we identify a sequence (• • • , 0, 0, Oft, • • • , a^, <ii) S ZJ 30 
with an element Uoo ® (— ak)i k <8> • • • 8> (—02)12 ® ( — a i)u °f the tensor product 
of crystals B(oo) (g> i?i fc ® • • • ® -B i2 <g> B^ for some fc » 0, then the crystal 
structure on agrees with that of B(oo) ® B ik ® • • • <g) B^ (g) B^. This is a 



direct consequence of our definitions and Lemma 1.3.6 in |8j. This concludes 



the proof of Theorem 2J3. rj 



Remark. The recursive definition (2.34) of the Kashiwara embedding can be 



reformulated as follows: if ^i(b) = (•••, a k , • • • , et2, ai) then each a k is given by 

o* = £i» • • • e T 6 *) = max {« : • • • e T 6 * ^ °>- ( 2 - 35 ) 

This is the crystal version of the string parametrization introduced in Section 2 
of 0). It is not hard to show that, in the terminology of ^(fr) is the string 
of 6* (more precisely, of the global basis vector corresponding to b*) in direction 
l. Passing from the to the /, transforms ( 2.3 5| ) into one more equivalent 
description of the Kashiwara embedding: the sequence (• • • , a k , • ■ ■ , ti2, <Xi) = 
# L (b) is uniquely determined by the conditions that 

b* = It 1 •••«<», and (/r;/^ 1 • • • Uoo) = for > 1. (2.36) 

In the rest of the paper we deal with the following 
Main Problem. Describe explicitly the image of '5 L . 



3 Polyhedral Realizations of B(oo) 

3.1 Piecewise-linear transformations Sk 

We will retain the notation introduced above. In particular, we fix a sequence of 
indices 1 := (i k )k>i as in ( 2.26| ). Consider the infinite dimensional vector space 

Q°° := {x = (• • • ,Xk, ■ ■ ■ , X2,Xi) : Xfc £ Q and x k = for k » 0}, 

and its dual (Q°°)* := Hom(Q°°,Q). We will write a linear form <p e (Q°°)* 
as (p(x) = J2k>l VkXk {<Pj e Q)- 

For every k > 1, we define fc' + ' to be the minimal index j such that j > k 
and ij = i k . We also define fc*- - -' to be the maximal index j such that j < k and 
ij = iu; if ij ^ ik for 1 < j < k, then we set k^ = 0. Let (3 k G (Q°°)* be a 
linear form given by 

P k (x) = a k (x) - a ki +)(x), (3.1) 
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where the forms o~k are defined by ( |2.28| ). Since {hi,cti) — 2 for any i E I, we 
have 

0k(x)=Xk+ ^ ( h *h + x kW- ( 3 - 2 ) 

fe<i<fc<+' 

We will also use the convention that (3q(x) = for all x 6 Q°°. Using this 
notation, for every k > 1, we define a piecewise-linear operator Sk — Ski on 
(Q°T by 

\<f-<PkPk(-) if Vfe < 0- 
An easy check shows that {Sk) 2 = Sk- 



3.2 Main theorem 



For a sequence t — (ik)k>i satisfying ( 2.26 ), we denote by H t C (Q°°)* the 
subset of linear forms that are o btain ed from the coordinate forms x j by applying 
transformations Sk = (see (3J3)). In other words, we set 



{Sji ■ ■ • Sj 2 S jt x jo : I > 0, j Q , ■ ■ ■ , ji > 1}. 



(3.4) 



Recall that, for fc > 1, the condition fe( > = means that ij ^ ik for 1 < j < k. 
We will impose on t the following positivity assumption: 



if fc*- ' = then ipk > for any ip = ^j^j G S t . 
Now we are in a position to formulate our main result. 



(3.5) 



Theorem 3. 1 L et l be a sequence of indices satisfying ( 2.26 ) and the positivity 



assumption (3_1). Let ty L : B(oo) <^-» Z^ be the corresponding Kashiwara 



embedding. Then the image Im ( "I' t ) is equal to 

E t := {x e Z^ C Q°° : <p(x) > for any tp <E 3J. 



(3.6) 



Proof. In view of Theorem 2.5, the image Im(5',,) is a subcrystal of ob- 
tained by applying the operators /, to ty L (v,oc) = = (• • • , 0, 0, 0); in particular, 
Im^t) C Z> . Since S E t , the inclusion Im(^I' t ) C E t follows from the fact 
that E t is closed under all /j. Let us prove this fact. Let £ = (•••, X2, x\) € E t 
and i G I, and suppose that /jX = (• • • , x^ + l, ■ ■ ■ , X2, x\) (in particular, ij. = i). 
We need to show that 

Vifix*) > (3.7) 

for any ip = J2 L Pj x j e "i- Since p(f jx) = <p(x) + ipk > Pk, it is enough to 
consider the case when tpk < 0. By (3.5), we have > 1. Remembering 
(ET29), we have <Jfc(x) > cr fe (-) (a?) and then by (EO), we conclude that 



£fe(-)(£) = CT k {-){x) - (J k {x) < -1. 
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It follows that 



> ip(x)-ip k p k (-)(x) 
= (S kl p)(x)>0, 

since Skf € S t . This proves the inclusion Im C 

To prove the reverse inclusion S t C Im ($,,), we first show that E t is a 
subcrystal of Z^°, i.e., that eiS t C S t U{0} for any z £ /. Let x = (■ ■ ■ , X2,xi) G 
S t and i £ I, and suppose that e^i; = (• • • , Xk — 1, ■ • • ,X2,xi); in particular, 
ik=i- We need to show that 

y{eix) > 0, (3.8) 
for any if = ^<PjXj £ S t . Since ip(iix) = ip(x) — <pu > —<Pki it is enough to 



consider the case when ipk > 0. Remembering ( 2.30 ), we have (Jk{x) > cr k (+) (x) 
and then by (|3.l|), we conclude that 



It follows that 



0k(x) = <J k {x) - cr k {+){x) > 1. 

(p{hx) = tp(x) - (fik 

> Lp(x) - (Pk0k(x) 

= (S k <p){x)>0, 

since S k ip € S t . 

To complete the proof of the inclusion S t C Im(^ t ), we make the following 
observation: if x € Z?? , and x ^ then ^ for some i € I. (Indeed, 
one can take i = ij, where j is the maximal index such that Xj > 0.). Since 
S t C Z2? , we conclude that every x G S t can be transformed to by a sequence 



of operators e^. By (2.11), ^ is obtained from by a sequence of operators /j, 



hence belongs to Im (^t), and we are done. rj 

3.3 Remarks on the positivity assumption 

In this subsection, we shall give some equivalent reformulations of the positivity 



assumption (3J3). This will allow us to sharpen Theorem 3J. We re tain all the 
previous notation; in particular, we fix a sequence i satisfying ( |2.26 ). 



For every k > 1, we introduce the transformations E k , Fk : Z°° — > Z°°U{0} 
that act onx= (• • • ,x 2 , X\) by 

E k {x) := {(■■■, x k-l,---,x 2 ,x 1 ) Hp k (x)>0, 
I otherwise. 

p k (^) ■= I (■■■,x k + l,---,x 2 ,xi) if /3 fe (-)(x) < or k^ = 0,^ 1Q ) 
1 otherwise. 
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Comparing these definitions with (2.2£) and (2.30), we see that the operators 
Hi and fi can be written as 

6» = -^maxAf(O) fi = -^min AfCO ■ (3.11) 

Let $ = $ t C Z°° be the set of all x obtained from =(•••, 0, 0) by applying 
transformations Ek and Fk- Let $ + C $ be the set of all x obtained from 



by applying the Fk- Recall also the definitions (3.4) of the set of linear forms 
S = H t , and fl3.6| ) of the subset £ = £ t C Z2? . We will say that a transformation 
Sfc acts positively on a linear form ip if ifk > 0, i.e., the first possibility in ( |3.3| ) is 
realized. We define S + C S to be the set of forms obtained from the coordinate 
forms Xj by applying positive actions of the transformations Sk- Let 

S+ = {x e Zg, : <p(a:) > for any ip 6 S+}. (3.12) 

The sets $, $ + , E, and £ + are related to each other and to the image Im (^> t ) 



of the Kashiwara embedding as follows (note that we do not assume (3.5) here). 

Proposition 3.2 We have 

ScS+Clm (tf J C $+ C $. (3.13) 

Proof. The inclusions £ C S + and <i> + C $ are obvious. Since every x € 
Im (^ t ) is obtained from by applying the fi, the inclusion Im (\I> t ) C < I >+ follows 



from the second equality in (3.11). The remaining inclusion E + C Im^J is 
proved by the same argument as the inclusion E t C Im (^J in Theorem |3.l| (it 
is seen by inspection that this argument does not use ( ft-5| )). rj 



Remark. Note that the same argument as in the proof of Theorem 3.1 
establishes the following inclusions: 

E k T, C E U {0}, E k H + C E+ U {0} for any k > 1. (3.14) 



Theorem 3.3 The following conditions are equivalent: 



(i) All the inclusions in (3. IS) are equalities, 
(ii) $CZ^, 



(Hi) S satisfies the positivity assumption (3.1). 

Proof. The implication (i) (ii) is obvious since <I> + C Z?? . To prove (iii) 
(i), we notice that (3.5) implies the following companion of (3.14): 



F fc E CSU {0} for any k > 1; 



(3.15) 



this is proved by the same argument as the fact that S is closed under all fi 
in the proof of Theorem 3.1. Combining (3.14) and (3.15), we conclude that 
$ C E, which implies (i). 

It remains to prove (ii) => (iii). We will deduce this from the following 
lemma. 
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Lemma 3.4 The set of linear forms that take nonnegative values on <£>, is closed 
under all transformations Sk- 

Proof. Suppose ip(x) = Ylk>i VkXk > for all x G $. Take any x £ We 
need to show that Sk<p{x) > for any fc > 1. First suppose that t^fe > 0, i.e., 
Sk^p = f — <PkPk- If Pk{x) < then Sk^p{x) > <p(so) > 0; so we can assume that 
/3 fe (z) = Z > 0. Using and we conclude that (E k ) L x £ $, and 

Skf{x) = tp(x) - lifk = ip{(E k ) l x) > 0, 

as required. 

It remains to consider the case when <^/- < 0, i.e., = tp — ipk/3 k (-). If 
/3fe(of) > then Sk<p{x ) > (fi(x) > 0; so we can assume that f3k(x) — — I < 0. 
Using (3.2) and ( 3.10 ), we conclude that (Fk) l x £ $, and 

S k <p(x) = (fi(x) + lifk = (p((F k ) l x) > 0, 



as required. 



□ 



Now we can complete the proof of (ii) =>■ (iii). By (ii) and Lemma 3.4 



every form tp £ S takes nonnegative values on $ since <p is obtained from some 
coordinate form Xj by applying the transformations Sk, and Xj is nonnegative 
on In particular, if k^' = for some k > 1 then 



<p k = <p(F k 0) > 0, 



□ 



which proves (3.5). Theorem 3.3 is proved. 
Remarks, (a) Using Theorem 3.3, one can produce several other equivalent 



reformulations of (3.5). For instance, each of the following two conditions is also 
equivalent to (3.5): 

(iv) E = £+; 

(v) $ = $+ 

(the implications (i) =>• (iv) =4> (iii) and (i) => (v) =>• (ii) are obvious). 



(b) It would be interesting to know if (3J5) holds for any symmetrizable 
Kac-Moody algebra and any sequence t. This will be true in all the examples 
considered in the rest of the paper. In fact, in all these examples we will have 
S = S + , which is stronger than the condition (iv) above. 



3.4 Periodic case 

In the subsequent sections we shall only treat the following special infinite se- 
quence l. We fix some linear ordering of the index set /, i.e., identify I with 
{1, 2, • • • , n}. Then we take 



(••-.TV--, 2,1, 



,n, • 



-,2, 1,tv, 2,1). 
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In other words, ik = k, where k 6 {1,2, is congruent to k modulo n. 

We call this sequence l periodic. Relative to the periodic sequence, the above 
notation simplifies as follows. 

First of all, for any k > 1 we have k^ — k + n; we also have fc' - ) — k — n if 
k > n, and k^ = if k < n. The forms (3k take the form 

fc+n-l 

and the transformations Sk can be written as 

( Lp - LpkPk if <Pk > 0, 

S k if) ■= I <p - tpkflk-n \ik>n,Lp k <Q, (3.16) 
K cp if 1 < k < n, ifik < 0. 

Finally, the positivity assumption ([T^) in Theorem |3.l| takes the form 

(fii > for any i — 1, 2, • • • , n and ip — <^j^j G S t . (3-17) 
This means that, for ^ £ S t , the third opportunity in (p3q) is never realized. 



4 Rank 2 case 



In this section, we specialize Theorem 3.1 to the Kac-Moody algebras of rank 2. 
We will give an explicit description of the image of the Kashiwara embedding. 
This description sharpens the one given by Kashiwara in [|[ Sect. 2]. 

Without loss of generality, we can and will assume that I = {1,2}, and 
i = (••■,2,1,2, 1). Let the Cartan data be given by: 

{h\, a x ) = (h 2 ,a 2 ) = 2, (hi,a 2 ) = -Ci, (h 2 ,ai) = -c 2 . 

Here we either have c\ = c 2 = 0, or both c\ and c 2 are positive integers. We set 
\ = c\c 2 — 2, and define the integer sequence a; = a;(ci, c 2 ) for / > by setting 
do = 0, ai = 1 and, for k > 1, 

a 2k = CiP fc _i(A), a 2k +i = P fe (A) + P fe _i(A), (4.1) 

where the P^(A) are Chebyshev polynomials given by 

, a k+1 — a~ k ~ 1 

P k (a + a- 1 ) = =— . (4.2) 

a — a 1 

Equivalently, the generating function for Chebyshev polynomials is given by 

^P fc (A)z fc = (l-Az + z 2 )- 1 . (4.3) 

fc>0 
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The several first Chebyshev polynomials and terms ai are given by 

P (X) = 1, Pi(A) = A, P 2 (A) = A 2 - 1, P 3 (A) = A 3 - 2A, 

a 2 = ci, a 3 = c\C2 - 1, (Z4 = ci(ciC2 - 2), 

as = (cic 2 - l)(cic 2 - 2) - 1, a 6 = ci(cic 2 - l)(cic 2 - 3), 

a 7 = cic 2 (cic 2 - 2)(cic 2 — 3) — 1. 

Let i max = imax(ci, c 2 ) be the minimal index I such that a; + i < (if a; > for 
all I > 0, then we set / max = +oo). By inspection, if cic 2 = (resp. 1, 2, 3) then 
'max = 2 (resp. 3,4,6). Furthermore, if cic 2 < 3 then a/ max = and a; > for 
1 < I < / max - On the other hand, if cic 2 > 4, i.e., A > 2, it is easy to see from 
([l|) or ( Q| ) that Pfc(A) > for k > 0, hence a t > for I > 1; in particular, in 
this case l max = +oo. 

Theorem 4.1 In £/ie rank 2 case, the image of the Kashiwara embedding is 
given by 

t frfr \ J / \ r- rroo X k — foi" k Caxi 

Im(*J = |(- . ..x^) e Z> : ^ Qi _ m+i > for : < ^ < 

(4.4) 



Proof. We will deduce our theorem from T heo rem 3.1. Thus, our first goal 
is to describe the set of linear forms S t (see (3.4)), and to check the positivity 
assumption (3.17). For k > 1 and < I < Z max , we set 

tpf) = Sk+i-i ■ ■ ■ S k+ iS k x k ; (4.5) 

in particular, ipy' — x k . We also define a[ — a;(c 2 ,ci), i.e., the numbers a[ are 
given by ( |4.l| ) with c\ replaced by c 2 . 

Lemma 4.2 (i) //A: is odd then — ai + \x k +i — aix^+i+i; if k is even then 
fk = a i+i x k+i - a>t%k+i+i- 

(ii) Ifcxc 2 < 3, i.e., Z max < +oo, then <^^ max_1) = -x fc+imax . 

(iii) TTie se£ 5 t consists of all linear forms ip k with k > 1 and < ' < Z max . 

(iv) TTie se£ 5 t satisfies the positivity assumption [ 3.1% ). 

Proof, (i) In view of periodicity, it is enough to show that tpf 1 = ai + \xi + i — 
aixi + 2 for < I < /max- We prove this by induction on I. The claim is obviously 
true for I — 0, since a = and a\ = 1. So let us assume that the claim is true 
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for some tp^ such that both ai and aj+i are positive; we need to show that the 
claim is then true for <fi . By ( 3.16 ), 



C+i) c (0 (0 a a 

<p\ = bi +1 tp\ = ip{ - ai + if3i + i = ai +1 x l+ i - aix l+2 - ai+iPi+i, 



where the forms Pi are given by 



X2k-i - c\x 2 k + x 2 k+\, 

X2k - C 2 X 2 k+l + X 2 k+2- 



Therefore, <Pi = {c\ai + \ — ai)xi +2 — ai+iXi+3 if / is even, and ^p{ +1 ^ = 
(c 2 ai+i — ai)xi+ 2 — CL1+1X1+3 if I is odd. It remains to show that the sequence 
(a;) satisfies the recursions 

«2fe+2 = c\a 2 k+i — a 2 k, a 2 k+i = c 2 a 2 ^ — a 2 k_\. 



These recursions follow from (4.1) with the help of the well-known recursion 
Pfe(A) = \Pk-i — Pk-2 for Chebyshev polynomials (the latter recursion is an 
easy consequence of (4.3)). 

(ii) Again it is enough to treat the case k = 1. By part (i), we have 
^(imax 1) _ a; max x; max — az max -i£i max +i- So we only need to show that a; max = 
and a; max _i = 1 in all the cases when c\c 2 < 3. This is just seen by inspection. 

(iii) We only need to show that the set of all linear forms ip£ with k > 1 
and < I < / m ax is closed under all the transformations Si. If I = then the 



only Sj that acts non-trivially on ipf^ = Xk is Sk, and we have SkXk = <p)^' '. If 
1 < I < Z max then, in view of (i), only Sk+i and Sk+1+1 can act non-trivially on 



(pjp. By definition, Sk+iW^ 



(0 



(i+l) 



We complete the proof by showing that 



Sk+l+lft? = PjL ^ ■ O nce again, using periodicity we can assume that k = 1. 



Using (i) and (3.16), we have 



— <Pi + a m = t>t<Pi +a>iPi = {Vi — a iPi) + a iPi = <Pi > 

as claimed. 

Finally, part (iv) is an immediate consequence of (i) and (iii). 



□ 

Now we return to t he p roof of Theorem LI. Using Theorem 3J and parts 
(iii) and (iv) of Lemma L2 , we conclude that 



Im(ig = E t = {(•••, x 2 , Xl ) € Z% : <pf >0 for k > 1, < J < Z max }- (4.6) 



Comparing this with the desired answer (4.4), and using parts (i) and (ii) of 
Lemma 4.2, it only remains to show that the inequalities tp^ > in (4.6) are 



redundant when k > 1 and I < i max — 1, that is, they are consequences of 
the remaining inequalities. We will prove this by showing that the inequality 
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^ — k > I and I < Z max is a consequence of </4-i > 0. As above, 
by using periodicity, it suffices to show that tp^' > implies tp 2 1 ^ > 0. By 
Lemma |4.2| (i) , we have 



(0 



(l-i) 
aixi+2, <p 2 



ai+ixi+i 
which easily implies that 

(i-i) / (0 , / / 



a l xi +1 - a^xi+2, 



ai + ia l _ 1 )xi +2 - 



To complete the proof, it suffices to show that aia[ 
In fact, we claim that the numbers ai and a[ satisfy the identity 



a-i+ia'i-i > for all I > 1. 



a/a, - ai + ia l _ 1 



1 



(4.7) 



for I > 1; this is a consequence of ( |4.l| ) and the following identities for Chebyshev 
polynomials: 

(A + 2)P fe (A) 2 - (P fe+ i(A) + P fe (A))(P fe (A) + P k -i{\)) = 1, 
(P fe (A) + P fc -i(A)) 2 - (A + 2)P fe (A)P fe _ 1 (A) = 1 



(the latter identities follow readily from (4.2)). Theorem 4.1 is proved. 
Note that the cases when l max 



□ 



< +oo, i.e., when the image Im^J is con- 
tained in a lattice of finite rank, are precisely those when the Kac-Moody algebra 
is of finite type. If g is of type A\ x A\ (resp. A 2 , B 2 or C 2 , G 2 ) then l max — 2 
(resp. 3, 4, 6). Not surprisingly, in each case Z max is the number of positive roots 
of q. 

In conclusion of this section, we illustrate Theorem 4.1 by the example when 
Ci = c 2 = 2, i.e., g is the affine Kac-Moody Lie algebra of type A±. In this 
case, we have A = c\c 2 — 2 = 2. It follows at once from (4.2) that Pfe(2) = k + 1; 
hence, (4.1) gives ai — I for I > 0. We see that for type A± , the image of the 
Kashiwara embedding is given by 

Im = {(•■•, x 2 , Xl ) S Z^ : Zz, -(I- l)x l+1 > for I > 1}. 



(4.8) 



5 v4t2""CcLS6 

In this section we shall apply Theorem 3.1 to the case when g = st„ + i is of type 



A n . We will identify the index set / with [1, n] := {1, 2, • • • , n} in the standard 
way; thus, the Cartan matrix [a^j — {hi,aj))i<i,j<n is given by a^ = 2, 
djj = — 1 for \i — j\ = 1, and a,ij = otherwise. We will find the image of the 
Kashiwara embedding Im ($ t ) C Z> for the periodic sequence 

t= (••■,n,---,2,l,---,n,---,2,l,n,---,2,l). 
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To formulate the answer, it will be convenient for us to change the indexing 
set for Z2? from Z>i to Z>i x [l,n]. We will do this with the help of the 
bijection Z>i x [1, n] — > Z>i given by (j; i) i— > (j — l)n + i. Thus, we will write 
an element x S Z2? as a doubly-indexed family (iEj;i)j>i,»£[i,n] °f nonnegative 
integers. We will adopt the convention that Xj-i = unless j > 1 and i 6 [1, n]; 
in particular, Xj ; o — ^jjn+i = for all j. 

Theorem 5.1 In t/ie above notation, the image Im^i) of the Kashiwara em- 
bedding is the set of all integer families (xj-i) such that Xj-i — fori+j > n+1, 
and xi-i > X2;i-i > • • • > Xi-i > for 1 < i < n. 



Proof. We will follow the proof of Theorem 4.1. So we first describe the set 
of linear forms 3 t , and check the positivity assumption (3.17). To do this, we 
need some terminology and notation. For (j; i) G Z>i x [1, n], we will write the 
piecewise-linear transformation S'(j_ 1 )„ + j as Sj-i] if (j; i) £ Z>i x [1, n] then S 1 ^ 
is understood as the identity transformation. For I > we set 

'■= ' ' ' Sj-i+iSj-i. (5.1) 

(again with the understanding that Sj°) is the identity transformation). For 
i G [l,n], by an i- admissible partition we will mean an integer sequence A = 
(Ai, • • • , Aj) such that n + 1 — i > Xi > ■ ■ ■ > Aj > (if we represent partitions 
by Young diagrams in a usual way, then this condition means that the diagram 
of A fits into the i x (n + 1 — i) rectangle). For every (j; i) G Z>i x [1, n] and 
an i-admissible partition A, we define the linear form tp ^ by 



Lemma 5.2 (i) TTie forms (p^- are given by 

i 

/Xxj+k-l;i-k+l+\ k - Xj+k;i-k+\ k )- 



(A) 



(5.3) 



fe=i 



(ii) If Afe = n + 1 — i for k = 1, • • • , i then ip - 



(A) _ 



(iii) The set S t consists of all linear forms <p9^ , where (j;i) G Z>i x [l,n] and 
A is an i-admissible partition. 



(iv) TVie sei S t satisfies the positivity assumption ( 3.1\ ). 



Proof, (i) We prove (5.3) by induction on |A| = Ai 4 
the sum on the right hand side of (5.3) telescopes to 



Ai. For |A| = 0, 
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required. So we assume that |A| > 0. Let k e [l,i] 
that Afe > 0, and let A' = (Ai, • • • , Afc_i, Afc — 1,0, • • • 

(A) _ a (A') 



be the maximal index such 
•,0). By (pi) and (ph, 



By the inductive assumption, (5J5) holds for (p^ , in particular, the coefficient 



of x 



in ^A-* is equal to 1. By ( ft. Hi ) 



(A) _ , „(A') 



where the forms Pj-i are given by 



(5.4) 



(5.5) 



Here note that = if i = n and Xj+ i^-i = if i = 1. Expressing the two 



summands on the right hand side of (5.4) via (5.3) and ( p.5| ) respectively, we 
see that ( |5.3D is also valid for . This completes the proof of (i) . 
(ii) This is just a special case of fl5.3|). 



(iii) We only need to show that the set of forms tpW is closed under all 
the transformations Sj>-i>. An easy check using (5.3) and (5.5) shows that the 



action of on ip\^) can be described as follows. For an i-admissible partition 



A = (Ai, • • • , Ai) and k = 1, • • • , i, we denote by A <— k (resp. by A — > k) the 
sequence obtained from A by replacing Afc with A^+l (resp. with Afc — 1) provided 
that this sequence is an i-admissible partition; otherwise, we set A <— k = A 
(resp. A — > k = A). Then we have 




if (j')i') = {j + k-l;i-k + l + X k ), 

if C?V) = (j + M-fc + A fc ), 

otherwise. 



(5.6) 



(iv) In view of (i) and (iii) , it is enough to observe that the only components 
that can occur in tp\ X } with a negative coefficient are Xj+k;i—k+\ k for some k > 1. 
Since j + k > 2, ( 3.17 ) follows. This completes the proof of the lemma. rj 



Now we can complete the proo f of Theorem 5T. Using Theorem 3A and 
parts (iii) and (iv) of Lemma \j.2[ we conclude that Im (<!>,,) is the set of all 
nonnegative integer families (xj-i) such that tp^) > for all (j; i) G Z>i x [1, n] 
and all i-admissible partitions A. If i = 1, and A = (I) is a 1-admissible partition 



(i.e., I € [l,n]) then (5.3) gives 



(0 
,(0 



c j+i;i- 



(5.7) 



Combining the inequalities tfij.^ > with the inequalities Xj+i ;n +i-i < pro- 
vided by Lemma |j (ii), we obtain the desired set of inequalities in Theorem 
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|5.l[ It remains to show that all the inequalities i p^} > are consequences of 
the ones with i = 1. But this follows at once from ( p3.3[ ) and (|]?]), which can be 
written as 

fc=l 

Theorem |5.l| is proved. rj 



6 A^i^-case 

In this section we shall apply Theorem 3.1 to the case when q is an affine Lie 



algebra of type (also sometimes denoted by sin)- We will assume that 

n > 3 since the case of was already treated above. We will identify the 
index set I with [l,n] in the standard way; thus, the Cartan matrix (eijj = 
(hi, aj))i<i,j<„ is given by a M = 2, = -1 for \i - j\ = 1 or \i - j\ = n - 1, 
and dij = otherwise. We will find the image of the Kashiwara embedding 
Im (ty L ) C Z2? for the periodic sequence 

i = (• • • , n, • • • , 2, 1, • • • , n, • • • , 2, l,n, • • • , 2, 1). 



To formulate the answer, we need some terminology and notation. For any 
k > 1, let Sfc = Sfc ;t denote the set of forms that can be obtained from Xk by a 
sequence of piecewise-linear transformations Sj (cf (|3.4D). In dealing with S fc , 
we will use the shorthand 

j;i[k] :=k-l + (j -l)(n-l)+i. 

Thus, the correspondence (j; i) i— ► j; i[k] is a bijection between Z>i x [1, n — 1] 
and Z>i,. This bijection transforms the usual linear order on Z>^ into the 
lexicographic order on Z>i x [1,71 — 1] given by 

(/; i') < (j; i) if f < j or f = j, i' < i. 

We will consider integer "matrices" C — (cj-i) indexed by Z>i x [1, n — 1], and 
such that Cj ; i = for j ^> 0. With every such C and any k > 1 we associate a 
linear form (/3c [fc] on given by 

^C[fe] = ^2c r ^x rm . (6.1) 
For any (j; i) £ Z>i x [1, n — 1], we set 
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We will say that a matrix C (and each of the corresponding forms <pc[k]) IS 
admissible if it satisfies the following conditions: 

Sj;i > for G Z> a x [l,n- 1]. (6.2) 

Sj-i — for j 3> 0. (6.3) 

Sj' ; i' < j for any (j; i), with the equality for j ^> 0. (6-4) 

Cj';*')<Cj;0 

If sj-i > then Sj> ; i> > for some (j'; i') with (j; i) < (j'; i') < (j + l;i). (6.5) 

As an example, fix (j; i) and take C such that the only non-zero terms sy.j/ 
are Sj- ; j = j and Sj'-i — 1 for all j' > j. The admissibility conditions are 
obviously satisfied, and the corresponding admissible forms ipc[k] are given by 

<PC[k] = i x j;i[k] + x ] + l-l[k] - 3 x j+l;i{k}- 

In particular, if Co is the matrix corresponding to (j; i) = (1; 1) then tpc [k] = x k- 

Theorem 6.1 The image Im(^/ t ) of the Kashiwara embedding is the set of 
x £ Z°° such that <Pc[k](%) ^ for all admissible forms fc\k]- 



Proof. The following lemma constitutes the main part of the proof. 



Lemma 6.2 For any k > 1, the set = of forms that can be obtained 
from X), by a sequence of piecewise-linear transformations Sj, consists of all 
admissible forms tpc\k]- 

Before proving this lemma, let us show that it implies our theorem. In 
view of Theorem 3.1, it suffices to show that every admissible form satisfies the 
positivity assumption ( [3.17 ). In other words, we need to show that, for every 
admissible matrix C, all the entries c±-i (1 < i < n — 1) and C2 ; i are nonnegative. 
By ( |6.2[), we have ci-i = si-i > 0; so it remains to show that C2 ; i > 0. Again 
using if we assume C2 ; i < then we must have c\- t i = S2;i — c 2-.\ > 0- The 

proof of (3.17) is now completed by the following lemma. 



Lemma 6.3 The matrix Co with the entries c\-\ 
(1; 1), is the only admissible matrix with a-i > 0. 



1, and Cj-i = for (j; i) ^ 



Proof. Combining the condition c\-\ > with (6.2) and (6.4) (for = 
(l;n — 1)), we conclude that si-i — ci ; i = 1, and si-i = for i ^ 1. Now (6.5) 
implies that S2 ; i > 0. Combining the latter condition with fl6.2| ) and (3.4) (for 
(j; i) — (2; n — 1)), we conclude that S2-i — 1, and S2-s = for i ^ 1. Continuing 



in the same manner, we conclude that sj 



8i t i for all i.e., C = Cq. 



□ 



20 



We now turn to the proof of Lemma 6.2. First let us show that, for any 
k > 1, the set of admissible forms <pc[k] 1S closed under all transformations 
Sj-i[k] ■ Note that the forms (3j-^[k] are given by 

Pj;i[k] — x j;i[k\ ~ x j;i+l[k] ~ x j+l;i[k] + x j+l;i+l[k] j (6-6) 

with the convention that Xj- n [k] = x j+v,i[k] The definitions readily imply that 
Sj-i[k]fc[k] = <Pc[k]) where the matrix C is obtained from C as follows. If 
Cj-i — then C — C. Otherwise, we set Sf-y = s 3 -/.^(C) and s'y. v — Sjt-i>(C). 
Then the only values s'y. v that are different from Sji-ji are given by: 

(I) If Cj-a > then s' ri = Sj.j - c Jvl = Sj_ 1;i and Sj. i+1 = Sj ;i+ i + Cj-i. 

(II) If Cj-i < then s^_i ;i _i = Sj-i ; t-i -Cj ;i and s^-_ 1;i = Sj_i ; i + Cj ;i = Sj-i- 
Note that in case (II), if i = 1 then (as shown above) we must have j > 2, and 
we identify the index (J — 1; i — 1) with (j — 2;n — 1). We need to show that in 
both cases, the transformation C > —> C 1 ' pres erve s admissibility. 

In both cases, the conditions ( |6.2| ) and ( |6.3|) for C" are obvious. To prove 
that C" satisfies ( |6.5[) , we notice that, in case (I), 



S — ~t~ > 0, Sj-^i — Sj-i— I + Cj-i > 0; 

similarly, in case (II), 

S,-_l-j_l — Sj'_X;i— 1 Cj-i > 0, Sj — i ; i = Sj-i Cj^i > 0. 

The fact that C satisfies (|6.5[), is now a consequence of the following lemma. 



Lemma 6.4 Suppose the nonnegative integer families s = (sj-i) and s' — (s'j.j) 
satisfy one of the following two sets of properties: 

(i) For some (j; i), we have Sj. z — Sj-i-i, Sj-i > 0, s'j. l+1 > 0, and s'j,.^, = Sj> ; ii 
for (j'; i') different from (j; i) and (j; i + 1). 

(ii) For some (j;i), we have s'j_ 1 . i — Sj-j, Sj-i ; i > 0, s'^_ 1 . i _ 1 > 0, and 
s f;i' = s i'-*' f or (?'■» i ') different from (j - 1; i - 1) and (j - 1; i). 



Then if s satisfies \6. q ), the same is true for s' . 

Proof. We will prove the sta tem ent in case (i), the argument in case (ii) being 
very similar. The failure of (6.5) for s' means that, for some (jo;io), we have 

s> 3o;*o > and s fvi' = for C?'o;*o) < < (Jo + l;*o); we will refer to 

this as the (jo; io)-violation. Since passing from s to s' only affects the entries 
(j; i) and (j; i + 1), the (Jo; io)-violation for s' can only occur when (j — 1; i) < 
(?'o>*o) < (j;* + !)■ Furthermore, since Sj-. i+1 > 0, there is no (jo; io)-violation 
for (j — l;i) < (jo;*o) < + !)• The (j — 1; i)-violation for s' is impossible 
because s'j.j = Sj— i ; i = s j-i-i- Finally, since s 3; i > 0, the (j;i + l)-violation for 
s' would imply the (j; i + l)-violation or the (J; j)-violation for s, hence is also 
impossible. rj 
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Continuing the proof of Lemma |6.2|, the fact that C satisfies the remaining 



condition (6.4) is obvious in case (I). In case (II), the failure of (3.4) for C can 



only happen when C > C affects the entries sj—i-q = Sj_2 ; n-i an d 
some j > 2; this possible violation of 



s 7 -i;i 



for 



E 



3 ,i 



> 3 ~ 1. 



(j';*')<0'-i;i) 



However, since C satisfies (|6.4|), we also have 



E • 

(j v ;i')<0';i) 



W';i')<0'ii) 



< 3 ~ 1. 



Combining the last two inequalities and using (6.2), we conclude that s' 



= 

for all i' S [1, n — 1]. But this contradicts the fact that C" satisfies (3.5), which 
we already established. 



To complete the proof of Lemma 6.2, it is enough to show that every admis- 
sible matrix C can be obtained from the matrix Co by a sequence of transfor- 
mations of type (I) above. We introduce the linear order on the set of admissible 
matrices by setting C -< C if s^-j > s'-.j for the minimal index such that 



In view of Lemma 3.3, Co is minimal with respect to this order. 



Note also that if C \— * C is a transformation of type (I) then C < C . 

Now let C be an admissible matrix different from Co- We will construct 
an admissible matrix C such that C i— » C is a transformation of type (I). By 
Lemma 6.3, we have = c! vl = 0. Let (jo; *) £ Z>i x [1, n— 1] be the minimal 
index such that s'- o;i+1 > (the existence of (jo;i) is guaranteed by (|6.3|)). We 
claim that, for some j > jo, 



E 

(j;i)<(j';i')<U + lvi) 



> 1. 



(6.7) 



Indeed, assuming that (f3J) is false for all j > jo, we would obtain 

E s ' 3 'a' < J - JO < 3 

(j';i')<0';<) 

for j > 0, which contradicts ( |6.4| ). Let j > jo be the minimal index satisfying 
(|6.7|). Arguing as in the proof of Lemma p^, we conclude that the only non- 



are s 



j'-i+i 
1 then s' 



1 for jo < j' < j- 



> for some 



zero terms s'y. v for (j ;i) < (j';i r ) < 

Furthermore, we have s^. i+1 > 0, and if s'j. i+1 — x uncn o^. v 
(j';i r ) with (j;i + 1) < (j';i') < (j + 1; i). Now we define the matrix C by 
setting Sj-i = s j;i (C) = s' ri + 1, Sj. i+1 = s' ri+l - 1, and sy# = s' rvi , for (j';i') 



different from (j;i) and from (j;i + 1). 
is admissible and C < C, and that S 



The definitions readily imply that C 
: C i— f C is a transformation of type 
(I). Iterating this construction, we see that C can be obtained from Co by a 
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sequence of transformations of type (I). This completes the proof of Lemma 3.2 
and then Theorem |6.l[ rj 



Remarks. (a) A direct check using ( |6.6[ ) shows that the form tpc[k] can & l so 
be written as 

PC[k] = Xk ~ ^2 d j;i[k]P]vi[k]' ( 6 - 8 ) 

(j-;i)>(i;i) 

where the coefficients <ij';i[fe] are given by 

dj;i[k] = j~ S j'-i'- 

(j';*')<0';») 



Thus, the meaning of (6.4) is that the sum in ( p.8[ ) is a (finite) nonnegative 
linear combination of the /3j-i\k] ■ 

(b) It would be interesting to find the minimal set of inequalities defining 
Im^,,), i.e., to eliminate the redundant linear forms among the <fc\k]- 
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